Starting from the D!-Riccati Di erence equation satis ed by the Stieltjes function of a linear functional, we work out an algorithm which enables us to write the general fourth-order di erence equation satis ed by the associated of any integer order of orthogonal polynomials of the -Laguerre-Hahn class. Moreover, in classical situations (Meixner, Charlier, Krawtchouk and Hahn), we give these di erence equations explicitly; and from the Hahn di erence equation, by limit processes we recover the di erence equations satis ed by the associated of the classical discrete orthogonal polynomials and the di erential equations satis ed by the associated of the classical continuous orthogonal polynomials.
Introduction
The associated polynomials of any order of a given Laguerre-Hahn orthogonal sequence belong to the Laguerre-Hahn Class (see Magnus (1984) ) and therefore satisfy a fourthorder linear di erential equation. Belmehdi and Ronveaux (see Belmehdi el al. (1991) ) in the general situation have given the fourth-order di erence equation satis ed by the associated of (any integer order) of the orthogonal polynomials of the Laguerre-Hahn class. In this work, using the properties of the linked Stieltjes functions of associated orthogonal polynomials systematically, we prove that associated polynomials of any order of a given -Laguerre-Hahn orthogonal sequence belong to the -Laguerre-Hahn class and we give the general fourth order di erence equation satis ed by the associated of any integer order r . We derive explicitly these di erence equations for the associated of order r of the classical orthogonal polynomials (Meixner, Charlier, Krawtchouk, Hahn and Hahn-Eberlein). In the rst two cases these results agree with those given by using the hypergeometric representation of the Meixner polynomials (see Letessier el al. (1996) ).
When we set r = 1 in the last two cases, we recover other known results (see Ronveaux et al. (1998) ). From the Hahn case and by limit processes (see Ronveaux (1993) and Nikiforov et al. (1991) ), we recover both, the fourth order di erence equation for the associated of any order of all classical discrete, and the fourth order di erential equation for the associated of any order of all classical continuous cases (see Zarzo et al. (1993) ), in particular for the Meixner case which was already treated in Letessier et al. (1996) .
The operator D ! is de ned by D ! f(x) = f(x + !) ? f(x) ! ; (D 1 ; D ?1 r);
(1.1) (see Salto (1995) ) where f is a function of x.
D ! -Riccati Di erence Equation for
the Stieltjes function and some consequences 2.1. background material Let L be a regular linear form in the dual of the vector space of all polynomials of one variable (see Chihara (1978) ). By \regular" (see Belmehdi (1990a) ) we mean that there exists a sequence of monic polynomials (P n ) n 0 , called orthogonal with respect to L; satisfying 8 < :
degree of P n = n; n 0;
hL; P n P m i = 0 n 6 = m hL; P n P n i 6 = 0 n 0;
(2.1) where hL; Pi denotes the value of the linear form L applied to the polynomial P; 0 hL; 1i is the rst moment of L.
(P n ) n satisfy the three term recurrence relation P n+1 (x) = (x ? n )P n (x) ? n P n?1 (x); n 1 P 0 (x) = 1; P 1 (x) = x ? 0 ;
where n and n are complex numbers with n 6 = 0.
The associated orthogonal polynomial of order r is de ned by:
r?1 P (r) n (x) = hL is the regular linear functional with respect to which (P (r?1) n ) n is orthogonal; and it is understood that L (r?1) acts on the variable t.
Using the three-term recurrence relations satis ed by (P n ) n and by induction on r, we get (see Chihara (1978) ) ( P (r) n+1 (x) = (x ? n+r )P (r) n (x) ? n+r P (r) n?1 (x); n 1; P (r) 0 (x) = 1; P is given in the following comments.
If (P n ) is a classical family of orthogonal polynomial with respect to the regular linear form L, relations (2.6) links equation (2.5) to the second order di erence equation r P n + P n + n P n = 0; n 0;
where n is given by 2 n = ?n (n ? 1) 00 + 2 0 ].
In the other direction, relations (2.5) and (2.7) generate the following di erence equation (see Salto (1995) ) for the same family P n r P n + rP n + n P n = 0; n 0; (2.9)
an equation which by the relation r = ? r is equivalent to ( ? ) r P n + P n + n P n = 0; n 0: ; x k i x k+1 ; r 0:
It is a well-known result (see Sherman (1933) and Maroni (1986) where is any polynomial, and is a polynomial of degree at least one.
It is a well-known result (see Guer (1988) ) that the Stieltjes function S 0 of the functional L satis es a D ! -Riccati di erence equation
where the polynomials 0 P and LP are de ned by (see Salto (1995) and Guer (1988) )
a j x j?1 ; LP(x) = The following lemmas and propositions lead us to the fourth order di erence equation satis ed by the associated of order r P (r) n , of the the polynomial P n , belonging to the -Laguerre-Hahn class.
The key to the relation between S r and the associated orthogonal polynomials P (r) n is given by the basic identity (see Belmehdi (1990b)) S r = ? r
The rst D ! derivative of Equation (3.1) gives n+1 D ! S n+r+1 : Using (3.1) and (3.2) in (2.17) gives a D ! -Riccati di erence equation for S n+r+1 to be identi ed with
and using the identity (see Magnus (1984) and Belmehdi (1990b) with polynomials K i (r; n; x) K i ; (i = 1; 8), given by K 1 (r; n; x) = (x + 1) + E n+r+1 (x; 1); K 2 (r; n; x) = (x + 1) ? F r (x; 1); K 3 (r; n; x) = H n+r (x; 1) n+r ; K 4 (r; n; x) = r H r?1 (x; 1) n+1 , given by the shifted Equation (3.14), in the shifted Equation (3.12), and taking into account Equations (3.17) and (3.18), we obtain a 1 = K 4;1 (K 3;0 K 7;1 + K 1;0 K 3;1 );ã 0 = ?K 3;1 (K 2;1 K 4;0 + K 4;1 K 5;0 ); with polynomials K i;j given by (3.16) and K i;0 (r; n; x) K i (r; n; x); and K i;j (r; n; x) K i (r; n; x + j):
By the same process, using T 2 P (r+1) n given by the shifted Equation (3.15), in the shifted Equation (3.13), and taking into account Equations (3.17) and (3.18), we obtain moreover I j (r; n; x) T j P (r) n (x) = 0: (3.28) remark 3.2. We have used Maple V Release 4 (see Char et al. (1991) ) to compute and factorize the coe cients I j (r; n; x) for the Charlier, Krawtchouk and Meixner cases. The
Hahn and Hahn-Eberlein cases need heavy computation to receive readable results, and we had to use both Maple V release 4 and Reduce 3.6 (see Hearn (1995) ) to compute and factorize the coe cients I j (r; n; x). In fact, there is a memory problem with Maple V.4 when factorizing the coe cients I j (r; n; x); j = 1::3. Symbolic computation in this work was absolutely inevitable because these heavy computations cannot be done by human e orts. where the coe cients r and r are given by (see Lesky (1985) and Koepf (1996) The results in this section allow us to write a fourth order di erence equation (3.27) in terms of and which therefore is valid for all classical discrete families (see Foupouagnigni et al. (1997) ) in the same spirit as for the classical continuous families (see Zarzo et al. (1993) n?1 i = e 1 T P n + e 0 P n ; (4.12) where the coe cients e 1 and e 0 are easily computed from (3.19), (3.22) and (4.9).
It turns out that Equation (4.11) is equivalent to the second order di erence equation satis ed by the classical orthogonal polynomials of a discrete variable rP n + P n + n P n = 0: Replacing T 2 P n given by (4.11) in the shifted Equation n?1 of classical orthogonal polynomial of a discrete variable is given in the factorized form by (see Atakishiyev et al. (1996) and Ronveaux et al. (1998) The basic operators (3.20) and (3.23) and the coe cients of the fourth order di erence equation (3.28) are written down in each case ( for notations see Nikiforov et al. (1991) ). of the Jacobi polynomials, we deduce that from the fourth order di erence equation satis ed by the rth associated of the Hahn polynomials by limit processes we recover the fourth order di erence equations satis ed by the rth associated of all classical discrete orthogonal polynomials and the fourth order di erential equations satis ed by the rth associated of all classical continuous orthogonal polynomials.
